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THE DIRICHLET PROBLEM IN A CLASS OF 
GENERALIZED WEIGHTED SPACES 

VAGIF S. GULIYEV, MEHRIBAN OMAROVA, 

AND LUBOMIRA G. SOFTOVA 


Abstract. We show continuity in generalized weighted Morrey 
spaces Mp^^{w) of sub-linear integral operators generated by some 
classical integral operators and commutators. The obtained esti¬ 
mates are used to study global regularity of the solution of the 
Dirichlet problem for linear uniformly elliptic operators with dis¬ 
continuous data. 


1. Introduction 

In the present work we stndy the global regularity in generalized 
weighted Morrey spaces Mp^^{w) of the solutions of a class of elliptic 
partial differential equations (PDEs). Recall that the classical Morrey 
spaces Lp x were introduced by Morrey in [34] in order to study the local 
Holder regularity of the solutions of elliptic systems. In [5] Chiarenza 
and Frasca show boundedness in Lp^\(W^) of the Hardy-Littlewood max¬ 
imal operator M and the Calderon-Zygmund operator /C 


Mf{x) = sup[ \f{y)\dy, lCf{x) = P.V. 

B{x) JB{x) 


fjy) 

X — y\^ 


dy. 
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Integral operators of that kind appear in the representation formulae 
of the solutions of various PDEs. Thus the continuity of the Calderon- 
Zygmund integral in certain functional space permit to study the reg¬ 
ularity of the solutions of boundary value problems for linear PDEs in 
the corresponding space. 

In [33] Mizuhara extended the dehnition of Lp^\ taking a non-negative 
measurable function r) : R” x R_|_ R+ instead of the Mor- 
rey weight in the dehnition of Lp^x. Precisely, / G Lp^^(R"') if / G 
Lp'^(R"'), p G [1, oo) and 



and the supremo is taken over all balls in R”. 

Later Nakai extended the results of Chiarenza and Frasca to the case 
of Imposing the next integral and doubling conditions on 0 (see 


[35]) 



he proved boundedness of Ai and /C 



for all / G Lp, 0 (R”), p > 1. 

The next extension of the Morrey spaces is given by the hrst author. 
He dehned generalized Morrey spaces Mp^p with normalized norm under 
more general condition on the weight : R"" x R_|_ —)■ R+ and considered 
continuity of various classical integral operators from one space Mp^p^ 
to another Mp^^^ under suitable condition on the pair ((pi,(p 2 )- In [11] 
(see also [12, 13]) it is shown that if 


( 1 . 1 ) 
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then the operator /C is bounded from to for p > 1 and from 
Ml to the weak space In [2, 19], Guliyev et ah introduced a 

weaker condition on the pair (<pi,<p 2 ) under which boundedness of the 
classical integral operators from Mp^^^ to Mp^^^ is proved. Precisely, if 



( 1 . 2 ) 


then /C is bounded from Mp^p^ to another Mp^^^ for p > 1 and from 
Ml ,^1 to the weak space Let us note that the condition (1.1) 

describes wider class of weight functions than (1.2) (see [16]). 

For more recent results on boundedness and continuity of singular 
integral operators in generalized Morrey and new functional spaces 
and their application in the theory of the differential equations see 
[2, 13, 17, 18, 22, 23, 36, 39, 40] and the references therein. 

Consider now the weighted Lp-spaces consisting of measurable 
functions / for which 



In [30] Muckenhoupt showed that the well known maximal inequality 
holds in Lp^^ if and only if the weight w satisfies certain integral con¬ 
dition called Ap-condition. Later, Coifman and Fefferman [8] studied 
the continuity of some classical singular integrals in the Muckenhoupt 
spaces (see also [31, 32]). 

Recently, Komori and Shirai [28] dehned the weighted Morrey spaces 
Lp,k{w) endowed by the norm 



They studied the boundedness of the Calderon-Zygmund operator /C 
in these spaces. A natural extension of their results are the generalized 
weighted Morrey spaces Mp^^{w) with w & Ap and <p satisfying (1.1). 
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In [16] (see also [20, 21]) it is proved boundedness in Mp^^{w) of sub- 
linear operators generated by classical operators as JC, the Riesz 
potential and others, covering such way the results obtained in [35] and 
[28]. Our goal here is to obtain a priori estimate for the solution of the 
Dirichlet problem for linear elliptic equations in these spaces. 

The paper is organized as follows. We begin introducing the func¬ 
tional spaces that we are going to use. In Sections 3 and 4 we study 
continuity in the spaces Mp^^{w) of certain sub-linear integrals and their 
commutators with functions with bounded mean oscillation. These re¬ 
sults permit to obtain continuity of the Calderon-Zygmund operator, 
with bounded functions and some nonsingular integrals which is done 
in Section 6. The last section is dedicated to the Dirichlet problem for 
linear elliptic equations with discontinuous coefficients. This problem 
is firstly studied by Chiarenza, Frasca and Longo. In their pioneer 
works [6, 7] they prove unique strong solvability of 

{Cu = a^^{x)DijU = f{x) a.a. x G D, 
u G W^{n) n IF^(D), P G (1, oo), G VMO 
extending this way the classical theory of operators with continuous 
coefficients to those with discontinuous coefficients. Later their re¬ 
sults have been extended in the Sobolev-Morrey spaces fl 

O 

IFp(r2), A G (l,n) (see [9]) and the generalized Sobolev-Morrey spaces 
n Wp{VL) (see [40]) with 0 as in [35]. In [22] we have studied 
the regularity of the solution of (1.3) in generalized Sobolev-Morrey 
spaces Wp^^{Q) where the weight function ip satishes a certain supre- 
mal condition derived from (1.2). We show that Cu G Mp^tp{Q) implies 
DijU G Mp^p{Q) satisfying the estimate 

\\D ^ C*^IIDmT ||w||p,(^;f!) • 

These studies are extended on divergence form elliptic/parabolic equa¬ 
tions in [3, 24]. 
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In this paper we use the following notions: 

DiU = du/dxi, Du = (-Dim, ..., D„m) means the gradient of u, 

DijU = d^u/dxidxj, D^u = means the Hessian matrix of m, 

Br{xo) = {x G M" : lx — XqI < r} is a ball centered at a fixed point Xq G M"", 
Br{x) = Br = B is a. ball centered at any point x G M", \Br\ = Cr^, 

B^^ = M” \ Br, 2Br = B2r, 

= {y G M” : ly — x| = 1} is a unit sphere at M"' centered in x G M”, 

M" = {x G : x„ > 0} . 

For any measurable set A and / G Lp{A), 1 < p < oo we write 



The standard summation convention on repeated upper and lower in¬ 
dices is adopted. The letter C is used for various positive constants 
and may change from one occurrence to another. 


2. Weighted spaces 


We start with the definitions of some function spaces that we are 
going to use. 


Definition 2.1. (see [26, 37]) Let a G anda^^ = -j^ a{x) dx. 


Define 



V D > 0. 


We say that a G BMO (bounded mean oscillation) if 

||a||* = sup 7 a(.R) < -foo. 

-R>0 

The quantity ||a||* is a norm in BMO modulo constant functions under 
which BMO is a Banach space. If 


lim 7a (-R) = 0 
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then a G VMO (vanishing mean oscillation) and we call 'ya{R) a 
VMO-modulus of a. 

For any bounded domain C we define BMO{Q) and VMO{Q) 
taking a G Li{Q) and integrating over Qr = 0, n Br- 

According to [1], having a fnnction a G BMO{Vl) or VMO{Vl) it 
is possible to extend it in the whole space preserving its BMO-noim. 
or l/MO-modulus, respectively. In the following we use this extension 
without explicit references. 

Lemma 2.1. (John-Nirenberg lemma, [26]) Let a G BMO and p G 
(1, oo). Then for any ball B holds 

^ |a(2/) - <C{p)\\a\\^. 

As an immediate consequence of Lemma 2.1 we get the next property. 
Corollary 2.1. Let a G BMO then for all 0 < 2r < t holds 
(2.1) jae, - a^J < C||a||*ln- 

I I ^ 

where the constant is independent of a, x, t and r. 


We call weight a non-negative locally integrable function on M”. 
Given a weight w and a measurable set £ we denote the tc-measure 
of £ by 


w{£) = j w{x) dx . 

Denote by or Lp^^ the weighted Lp spaces. It turns out that 

the strong type (p, p) inequality 


{M.f{x)Yw{x) dx] < Cj 



\f{x)\'^w{x) dx 


1 

P 


holds for all / G Lp^^ if and only if the weight function satishes the 
Muckenhoupt Ap-condition 

(2.2) [w]a^ := sup w{x) dx'^ w{x)~^^ dx 



< oo. 
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The expression [w]aj, is called characteristic constant of w. The function 
w is Ai weight if Mw(x) < Ciw(x) for almost all x G M". The mini¬ 
mal constant Ci for which the inequality holds is the Ai characteristic 
constant of w. 

We summarize some basic properties of the Ap weights in the next 
lemma (see [10, 30] for more details). 


Lemma 2.2. (1) Let w & Ap for 1 <p < oo. Then for each B 
(2.3) 1 < s mI ■ 


(2) The function w is in Api where ^-1-^ = 1, l<p<cx) with 
characteristic constant 


[w = [wYa^^ . 

(3) The classes Ap are increasing as p increases and 

Ma, < Map, l<g<p<oo. 

(4) The measure w{x)dx is doubling, precisely, for all X > 1 

w{XB) < ■ 

(5) If w E Ap for some 1 < p < oo, then there exist C > 0 and 
(5 > 0 such that for any ball B and a measurable set S C B, 


F Ap 


\£\ \ ^ w{£) 


<C { — 

\B\ 


]B\J -w{B) 

(6) For each 1 <p < oo we have 

IJ yip = Aoo and [w]a,,, < [w]ap • 

l<p<oo 

(7) For each a G BMO, 1 < p < oo and w G A^o we have 


(2.4) 


|a||* = C sup 

B 


w{B) 


\a{y) - atsl^wiy) dy 


The next result follows from [16, Lemma 4.4], 
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Lemma 2.3. Let w E Ap with 1 < p < oo and a G BMO. Then 
(2.5) ~ dyj < CM^J|a||* 

where C is independent of a, w and B. 


Definition 2.2. Let (p{x,r) be weight in ML x M+ M+ and w G 
Ap, p G [l,cxo). The generalized weighted Morrey space Mp^^(MA,w) or 
Mp^^{w) consists of all functions f G such that 

||/||p,v.,^= sup p{x,r)-^ (w{Br{x))~^ f \f{yWw{y)dy] < oo. 
xeIR'‘,r>0 V JBr(x) J 

For any hounded domain Vl we define Mp^^{fl,w) taking f G Lp^^{fl) 
and integrating over Qr = ^ A Br{x),x E Ll. 

Generalized Sobolev-Morrey space Wp^^{FL,w) consists of all func¬ 
tions u E Wp^iFL) with distributional derivatives D^u E Mp^^{Q,w), 

0 < |s| <2 endowed by the norm 

ll'^ll ll-O f\\p,ip,w,n- 

0<|s|<2 

O 

The space Wp,p{Vt, w)AWp{Vt, w) consists of all functions u E Wpyj{Vt)r\ 

O 

VLp,^(f2) with D^u E Mp^^{Q,w), 0 < |s| < 2 and is endowed by the 

O 

same norm. Recall that W^p .^{VL) is the closure of C^{Q) with respect 
to the norm in Wp.^{FL). 

Remark 2.1. The density of the functions in the weighted Lebesgue 
space Lp^y^ is proved in [38, Chapter 3, Theorem 3.11]. 


3. SUBLINEAR OPERATORS GENERATED BY SINGULAR INTEGRALS 

IN Mp^^{w) 


(3.1) 


Let T be a sub-linear operator. Suppose that T satisfy 

\f{y)\ 


\Tf{x)\<C 


k - y\' 


■dy 


for any / G Li(R"') with compact support and x ^ supp/. 
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The next results generalize some estimates obtained in [11, 13, 19, 
20, 21], The proof is as in [19] and makes use of the boundedness of 
the weighted Hardy operator 



g{t)2p{t) dt, 


0 < r < oo . 


Theorem 3.1. (^[14, 15] j Suppose that vi, V 2 , and 'ijj are weights on M+. 
Then the inequality 


(3.2) 


ess supv 2 {r)H^g{r) < Cess supvi{r)g{r) 

r>0 r>0 


holds with some C > 0 for all non-negative and nondecreasing g on R+ 
if and only if 


(3.3) 


B : = 


ess supn 2 (i’) 

r>0 



ess supni(s) 

t<s<oo 


dt < oo 


and C = B is the best constant in (3.2). 


Theorem 3.2. Let 1 < p < oo, w & Ap and the pair (<pi, 1 P 2 ) satisfy 


(3.4) 


ess inf (pi(a:, s)t<;(Hs(x))p 1 . 

t<s<oo 


— < C^2{x,r), 


Jr w{Bt{x))p 

and T be a sub-linear operator satisfying (3.1). If T is bounded on 

1 

and ||T/||p_^„ < C[wYa |l/||p,«;, then T is bounded from 


-'p,w 


to Mp^^Y'xi) and 

(3-5) \\Tf\\p,^^,n, < C'N^io \\pm,w 

with a constant independent of f. 


For any a G BMO consider the commutator Taf = aTf — T{af). 
Let Ta be a sub-linear operator satisfying 

(3.6) \Taf{x)\<C [ |a(x) - a{y)\ dy 

JR" \x — y\ 

for any / G Li(M”) with a compact support and x Y supp/. Sup¬ 
pose in addition that Ta is bounded in Lp^^ and satishes ||Ta/||p^^ < 
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j. 

C'||a||*[w]^^||/||p^^. Then the next resnlt is valid and the prood is as in 
[19], making nse of Theorem 3.1. 


Theorem 3.3. Letp G (1, cxo), w G Ap, a G BMO and the pair (<pi, 1 P 2 ) 
satisfy 

ess inf ,, 

^ \ i.c: fiC rxT) 


(3.7) 


1 + In ■ 


< Cip2{.x,r) 


w{Bt{x))p ^ 

with a constant independent on x and r. Suppose that Ta is hounded in 
Lp^^ and satisfies (3.6). ThenTa is bounded from Mp^^fiw) to Mp^^fiw) 
and 


(3.8) 


WTafWp,^^,^ < C[wY.\\a\ 


* II J \\p,ip\,W • 


4. SUBLINEAR OPERATORS GENERATED BY NONSINGULAR 
INTEGRALS IN Mp^^{w) 

For any x G M” dehne x = {xi,... ,Xn-i, —Xn)- Let T be a snb- 
linear operator with a nonsingnlar kernel. Snppose that T satisfy the 
condition 

(4.1) \ff(x)\<c [ 

JrI \x-yr 

for any / G Li(R") with a compact snpport. 

Lemma 4.1. Let w G Ap, p G (l,cx)), the operator T satisfy (4.1) and 
T is hounded on Lp^jjj(Wf). Let also for any fixed xq G and for any 
f G 4 -(M-) 

/■°° 1 dt 

( 4 . 2 ) 2 ^(^t{xo))-^\\f\UBt(.o)J<^- 
Then 

(4.3) 

~ i 1 1 dt 

\\Tf\\p,^.B+{xo)<C[wYA w{Bfi{xo))^ / w{Bt{xo)) ^||/||p,^;i?+(xo)-r 

J2r ^ 

with a constant independent of Xq, r, and f. 
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Proof. Consider the decomposition / = /i + /2 with fi = fX2B+(xo) 
and /2 = fX{ 2 B+ixo))<^- Because of the boundedness of T in 
we have as in [22] 


Since for any x G and y G {2Bf{xo)Y holds 


(4.4) 


1, ,1,3, 

-Fo-i/l <\x-y\< -\xo-y\. 


we get as in [22] 


\Tf2{x)\<c I 1 / \fiy)\dy]^i^ 

hr \JBf(xo) I ^ 


Making use of the Holder inequality and (2.3) we get 


(4.5) 


\Tf2{x)\ < C / ll/ll,, 


dt 


\w p 


'2r 

1 roo 
J2r 


p';Bf{xo) ^n+1 

1 ... dt 

p,w,Bf{xo) ~Y' 


Direct calculations give 


(4.6) \\Tf2\\p,^,B+ixo) ^ C[wYA^w{Bf{xQ))p 


p,w\Bf [xq) dt 


hr w{Bt{xQ))p 


i t 

T) O 


for all / G Lp^^(R”) satisfying (4.2). Thus, 


(4.7) 


ll^/llp,4o;I5+(xo) — II^^I llp,Jt);B+(xo) 4” II^^2 

— ^MApll/llp,u;;2n+(xo) 


+ C[wYAw{Bf{xo))p 



ll/llp,u;;B^(3:o) 

w{Bt{xo))p 


dt 

t 
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On the other hand, by (2.3) 


dt 


j,w,2B+{xo) - C|i31(x„)|||/||,, 

w;2Bt{xo) ^n+1 


< C|i3Aio)l 


>2r 


dt 

P,w,B:^{xo) ^n +1 


< CHZulBlK))? 


II --II 

p,w;B^{xo) 11 '^ ^\\p'-,Bt{xo) ^n+1 


(4.8) 


J2r 

1 /■°° 1 1 dt 

<C[w]/w(Bt{xo))v / [wYAw{Bt{xo)) p\\f\ 

J2r 

<w{B:^{xo))p [ w{Bt{xo))~p\' 

J2r 


p,w,Bf{xo) ^ 


p,w,B^{xo) ^ 


which unihed with (4.7) gives (4.3). 


□ 


Theorem 4.1. Suppose that w E Ap, p G (l,oo), the pair (y9i,(^2) 
satisfies the condition (3.4) for any x G and (4.1) holds. Then 


if T is hounded in Lp^^iJ 
, to) and 

(4-9) \\T f\\p^^p.^^w;M.i<C[w]Y 

with a constant independent of f. 

Proof. By Lemma 4.1 we have 


, then it is hounded from Mj 


p,pi 


w) m 






<C[wYa^ sup ip 2 {x,r) ^ w{}3t{x)) ^\\f\\p^y,.^B+{x)-: 

3:^=R^.r>0 Jr h 


\\Tf\\ 

xGM", r>0 

Applying the Theorem 3.1 with 


dt 


vi{r) = ipi{x,r) ^w{Bf{x)) p, V 2 {r) = cp 2 {x,r) \ 

Y{r) = w{Bfi{x))-pr-\ g{r) = \\f\\p^^.^B+{x) 
to the above integral, we get as in [22] 


\\Tf\\ 


p,(p2,W-,. 


< C[w]a sup ipi{x,r) ^w{Bfi{x)) p 


x&R'^,r>0 


p,w,Br (x:) 


= CH 


□ 
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5. Commutators oe sub-linear operators generated by 


NONSINGULAR INTEGRALS IN Mp^^{w) 

For any a G BMO consider the commutator Taf = aTf — T{af) 
where T is the nonsingular operator satisfying (4.1) and f & L 
with a compact support. Suppose that for x ^ suppf 


uO 


(5.1) 


\Taf{x) \<C [ \a{x) - a{y) \ dy, 

Jr" f - y\ 


where C is independent of /, a, and x. 

Suppose in addition that is bounded in Lpu,(M^), w ^ Ap, p E 

^ 1 

(l,oo) satisfying the estimate \\Taf\\p,w,Ri < C* 

Our aim is to show boundedness of Ta in Mp^^(MJ^,w). 

To estimate the commutator we shall employ the same idea which 
we used in the proof of Lemma 4.1 (see [22] for details). 


Lemma 5.1. Let w G Ap, p G (1, cxo), a G BMO and Ta be a bounded 
operator in Lp^aj(M+) satisfying (5.1) and the estimate \\Taf\\p^w,m^ < 
CM^II^II* ll/llp,t«;R!^- Suppose that for all f G L[,°)],(M”), xq G and 
r > 0 applies the next condition 


'r ^ w{Bi{Xo)y^ t 


(5.2) 

Then 

( 5 . 3 ) 

llt>/llp,»;8+(io) ^ C'Hy||a||,uj(e+(x„))5 


t\ II / dt 


l-|-ln ■ . ^ 

'2r ^ W;(S+(Xo))p t 


Proof The decomposition / = fX 2 B+{xo) + fX(2B+{xo)r = /i + /s gives 

11^®/llp,ui;B)t(3;o) — II llp,ui;B^(xo) 4” II • 

From the boundedness of in Lp_^(M”) it follows 


\Tafl\\ 


p,w,Bi^ (xq) 


< C[w[ 


p,w,2Bt (xq) ■ 
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On the other hand, because of (4.4) we can write 
ll^a /2 (xq) 

< C 




B?Oo) \J(2B^(xo))‘= 


c 


Bt{xo) \J{2Bt{xo)Y 


\xo-y\' 


l«(^) -%+(xo)ll/(l/)l ^ 

—— V 


= /l + h- 

Where, as in [22], we have 

PC 

h < C'in(S+(xo))- / 


Hv) - (^B+ixo)\\f(y)\dy 


dt 

^n+l 


J2r JB+{xo) 

Applying Holder’s inequality. Lemma 2.1, (2.1) and (2.5), we get 


h < CwiBtixo))-^ 

+ Cw{B+{xo))-^ 

<Cw{Bt{xo)y^ 


dt 


’2r JBf{xo) 


hr JB+{xo) 


Hy)-(^Bt(x^)\\f(y)\(^yy[^ 


dt 


hr yJB+ixo) 


%+(xo) (^B+{xo)\\f(y)\^y ^n+1 

Hy) - aB+{xo)f'^iyy~^' dy 

dt 


X 


+ C[w]yw{Byxo)y\\a\ 

< C[w]yw{Byxo))^\a 
+ C[w]yw{Byxo))p\\a\ 

< C[w]yw{Byxo))^\\a 

By Lemma 2.1 and (4.5) we get 


P,w\BJ{xo) ^n+1 

°° t _ldt 

ln-||/||p,^;Bt(xo)'«^(^t(a;o)) ^ — 


2r r 


,^w,B+{xo)^iKi^o)) " 


t 

dt 


tn+l 


,w,B+(xo)^i^tM) " 


dt 


2r 

Hi - 

^ j,"" '<P,w■,a^ \xoj i V ^ 

^ '" ‘"'p,w,B+{xo)^i^tyo)y 


1 + In - 
2r ^ r 


I2 < C[wy \\ayw{By{xo))p / w{By{xo)) p 


>2r 


dt 

p,u;;B+(a;o) ' 
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Summing up Ii and I 2 we get that for all p G (1, 00 ) 
(5.4) 

II ^a /2 (xq) 



Finally, 



and the statement follows by (4.8). 


□ 


Theorem 5.1. Let w G Ap, p G (l,cx)), a G BMO and {ipi,(p 2 ) be 
such that 



(5.5) 


Suppose Ta is a sub-linear operator satisfying (5.1) and hounded on 


Then Ta is bounded from Mp^^p^iWf^w) to and 


1 



with a constant independent of f and a. 

The statement of the theorem follows by Lemma 5.1 and Theorem 3.1 
in the same manner as the proof of Theorem 4.1. 

6. Calderon-Zygmund operators in Mp^p{w) 

In the present section we deal with Calderon-Zygmund type inte¬ 
grals and their commutators with BMO functions. We start with the 
dehnition of the corresponding kernel. 

Definition 6.1. A measurable function }C{x,f) : M"" x M"" \ {0} —?■ M 
is called a variable Calderon-Zygmund kernel if: 

i) /C(x, •) is a Calderon-Zygmund kernel for almost all x G M"" : 
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la) /C(x,-) 

ib) /C(x,/i^) = > 0, 

ic) / IC{x,^)da^ = 0 / |/C(a;, <+CX 0 , 

JS"-! J§"-1 

ii) max ||^f^|L.Rnxg„-i = M < oo. 

\P\<2n " ^ lloo,K XS 

The singular integrals 

Rf{x):=P.V. [ fC{x,x-y)f{y)dy 

(t[a, f]{x) :=P.V. [ K:{x,x - y)[a{x) - a{y)]f{y)dy 
=a^f{x) -^{af){x) 

are bounded in (see [21] for more references) and satisfy (3.1) 
and (5.1). Hence the next results hold as a simple application of the 
estimates from Sections 3 and 4 (see [22] for details). 


Theorem 6.1. Let w G Ap, p G (1, oo) and p be weight such that for 
all X eMA and r > 0 

/•oo . essmiip{x,s)w{Bsix))p 

(6.1) / (l + ln) — - f<C^O,r). 

w{Bt{x))p ^ 

Then for any f G Mp^p{W,w) and a G BMO there exist constants 
depending on n,p,ip,w, and the kernel such that 

\\Af\\p,^,n, < C[wY^J\f\\p,p,^, 

(6-2) ||€[a, /]||p,^,^ < C'H^J|a||*||/||p,^,^ . 

The assertion follows by (4.9) and (5.6). 


Corollary 6.1. Let kl C M"", dkl G /C : H x M” \ {0} W be as 
in Definition 6.1, a E BMO{Q) and f G Mp^^{Q,w) withp, ip, and w 
as in Theorem 6.1. Then 


\\m 


p,ip,w,Q 


< C[w] 




(6.3) 




1 
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with C = C{n,p,^p, Map, 

Corollary 6.2. (see [ 6 , 22]) Let p, (^, andw be as in Theorem 6.1 and 
a G VMO with a VMO-modulus ■ja- Then for any e > 0 there exists a 
positive number po = Poi^yla) such that for any ball Br with a radius 
r G (0,po) o>nd all f G Mp^^{Br,w) 

(6-4) \\<t[a, f]\\p^p,^.i3r < Ce\\f\\p^p,^.i3r, 

with C independent of e, f, and r. 


For any x,y E . 

(6.5) T{x]y) = x — 2x. 


define the generalized reflection T{x; y) 
aT{y) 




T{x) = T{x-,x) : 




where a"’ is the last row of the matrix a = Then there exist 

positive constants Ci, C 2 dependent on n and A, such that 


( 6 . 6 ) Ci\x-y\ <\T{x)-y\ <C 2 \x-y\ W x,y eWf. 

Then the nonsingular integrals 

(6.7) ^f{x):=[ }C{x,T{x)-y)f{y)dy 

Jk.^ 

€[a,f]{x):= [ )C{x,r{x)-y)[a{x) - a{y)]f{y)dy 
Jk.^ 

are sub-linear and according to the results in Sections 4 and 5 we have. 


Theorem 6.2. Let a G BMOfEJf), w G Ap, p G (1, cxo) and p be 
Morrey weight satisfying (6.1). Then Af and C[a,/] are continuous in 
Mp^p(Wf,w) and for all f G Mp^p(MJf,w) holds 

(6.8) 










< C[w[ 




with constants dependent on known guantities only. 


Corollary 6.3. (see [ 6 , 22]) Let p, ip and w be as in Theorem 6.2 and 
a G VMO with a VMO-modulus 7 ^. Then for any e > 0 there exists a 
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positive number po = po(£,7a) such that for any ball Bf with a radius 
r e (0,po) o-nd all f e 

( 6 - 9 ) /] — ^^\\f\\p,ip,w,l3^^ 

where C is independent of e, f and r. 

7. The Dirichlet problem 

Let f2 C M”, n > 3 be a bounded C^’^-domain. We consider the 
problem 


(7.1) 


Lu = a^^{x)DijU + b^{x)DiU + c{x)u = f{x) a.a. x E fl, 


(7.2) 


tj = L 11“'’ 11 oo;n 


UE Wl^{VL,w)nWl{VL,w), pE{l,oo) 
subject to the following conditions: 

Hi) Strong ellipticity: there exists a constant A > 0, such that 

< A|eP a.a. x e G K” 

a*-^ (x) = a^’‘{x) I < i,j < n. 

Let a = {a*^}, then a e L^oi^) and ||a||oo,o = Ynj=i lla*^ 
by (7.2). 

H 2 ) Regularity of the data: a E VMO{Q) with 1/MO-modulus 
7 a := Z] 7 an, b\c E Loo(hl), and / G Mp^^iVt^w) with w E Ap, 
1 < p < 00 and (f : Q X M+ —)■ M+ measurable. 

Let C = a^^{x)Dij, then Cu = f{x) — b\x)Diu{x) — c{x)u. As it is 
well known (see [6, 22] and the references therein) for any x E supp u, 
a ball Br C hi' and a function v E C^{Br) we have the representation 

Dijv{x) = P.V. f rij{x,x- y) [Cv{y) + (a^^(a:) - a’"’^{y))Dhkv{y)] dy 

JBr 

(7.3) + Cv{x) / Tj{x,y)yiday 

7s"-i 

= AijCvfx) + Dhkv\{x) + Cv{x) / rj(a;; y)yiday 

7§"-i 

According to Remark 2.1 the formula (7.3) holds true also for functions 
V E Wp.^{Br). Here rjj(x,^) = d‘^r{x,f)/dfidfj and Tij are variable 
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Calderon-Zygmund kernels as in Definition 6.1 for all 1 < < n. 

Then the operators Rij and Cjj are singular as and In view of the 
results obtained in Section 6 we get for r small enough 

Choosing r such that Ce < 1 we can move the norm of D‘^v on the 
left-hand side and write 


('i'-d) \\D — ^l|'^^|lp,ip,Ul;Br • 

Take a cut-off function ri{x) G C^{Br) 

/ \ I 1 X G Bq-t 
V{ x) = < 

10 X ^ Bo'r 

such that 6' = 6{3 — 6)/2 > 6 ioi 6 e (0,1) and |D*? 7 | < C[0{1 — 6)r]' 
for s = 0,1, 2. Apply (7.4) to n(x) = r]{x)u{x) G Wp^^{Br) we get 




< 


c(\\Cu\\ 






p,ip,w,Bg/^ H ttt; n I 


e{i-e)r [e{i-e)rY 


Since 1 < ^ for r < 4 and 

0(1—0)r 


(7.5) < C*(||Lm||p p-|- ||Dm||p( p..u; -|- ||'u||p,(p;ui,Bg/^) 

we can write 


+ 


0 ^ = sup [e{l - e)rY\\D"u\\p^^^^.Ber 

o<e<i 


\\D uWp^p^^-Bgr < C _ 6))p]2 

Consider now the weighted semi-norms 

s = 0,1,2. 

Because of the choice of 9' we have 9{1 — 6) < 26'{1 — 6'). Thus, after 
standard transformations and taking the supremum with respect to 
9 G (0,1) we get 

(7.6) ©2 < C (r‘^\\Lu\\p^p^w-Bg,^ -|- ©1 -|- ©o) . 
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Lemma 7.1 (Interpolation inequality). There exists a constant C in¬ 
dependent of r such that 

C 

©1 < £©2 H- ©0 for any e E (0, 2). 


Proof. For functions u E Wp^^{Br), p E (1, oo) and w E Ap we dispose 

with the following interpolation inequality proved in [27] 

/ 1 1 \ 


\\Du\\ 


p,W\Br — 


< c 


\u\ 


p,W,Br 


+ \\u 


I ^ 

\p,W,Br 


\dM 


2 

p,W]Br 


Then for any e > 0 we have 

Choosing e small enough, such that 5 = ^ < 1, dividing all terms 
of ip{x,r)w{Br)p and taking the supremum over Br we get the desired 
interpolation inequality in Mp^^{w) 

C 

(7.7) ||71'U||p^(^^ui;Br — *^l|71 '^^||p,(^,lO;Rr T ll^llp,¥’,«';Br • 

We can always hnd some E (0,1) such that 



©1 < 2[0o(l — 0o)r]\\Du\\p^^^jtj.i3gQ^ 

( c 

< 2[0o(l ~ ^o)f] ( (5||T) ■^ll^llp,¥’,'U';'Beg, 


The assertion follows choosing 5 = |[6*o(l ~ ^o)f] < Oqu for any e E 

( 0 , 2 ). □ 


Interpolating ©i in (7.6) and taking 6* = ^ as in [22] we get the 
Caccioppoli-type estimate 

||71 'w||p,(^,io;i3r/2 — ^(l|-^^llp,¥’,'!i';Br ||^||p,tp,ui;f?r) • 

Further, proceeding as in [22] and making use of (7.5) and (7.7) we get 
the following interior a priori estimate. 


Theorem 7.1 (Interior estimate). Let u G IFp’)„°^(r2) and L be a linear 
elliptic operator verifying Hi) and H 2 ) such that Lu E M^p{Q,w) with 
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p G (l,oo), w E Ap and (p satisfying (6.1). Then DijU G Lp^^{Q',w) 
for any Q' <ZC Q" (ZC Q and 

(7.8) \\D\\\ ^(II^“1“ II||p,y3,«);f!") 

where the constant depends on known quantities and dist {Q',dQ"). 

Let = {x', 0) and denote by the space of functions u G 
C^{Br{x^)) with u = 0 ior Xn < 0. The space Wp’2{Br{x^)) is the 
closure of C'^ with respect to the norm of Wp^^. Then for any v G 
Wp’if,{Bf {x^)) the next representation formula holds (see [7]) 

Dijv{x) =AijCv{x) + (tij[a’^^Dhkv]{x) 

+Cv{x) / rj(a:, y)yid(Ty + (x) V i, j = 1,..., n, 

where we have set 

Iij{x) = AijCv{x) + ^ij[a^^,Dhkv\{x), V z, j = 1,...,n - 1, 

Iin{x) = Iniix) = ^i{DnT{x)yCv{x) + Ci; [a“, (x) (T)„T(x))' 

V i = 1,..., n — 1, 

Inn{x) = AUD^T{x)y{D^r{x)rCv{x) 

+ D^kv{x)]iD^T{x)y{D^r{x)y 

where 

D^T{x) = {iD^T{x ))\..., {D^r{x)r) = r{en,x). 

Applying the estimates (6.8) and (6.9), the interpolation inequality 
(7.7) and taking into account the VMO properties of the coefficients 
a*-^’s, it is possible to choose rg small enough such that 

(7.9) + ll'“llp,i^;u;,B+) 


for all r < rg (see [22] for details). By local flattering of the boundary, 
covering with semi-balls, taking a partition of unity subordinated to 
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that covering and applying the estimate (7.9) we get a boundary a 
priori estimate that unihed with (7.8) gives the next theorem. 

Theorem 7.2 (Main result). Let u G Wp,^{yt,w) fl Wp{Ll,w) be a 
solution of (7.1) under the conditions Hi) and H 2 ). Then the next 
estimate holds for any w G Ap, p G (1, 00) and p satisfying (6.1) 

(7.10) ||Z1 ^ “1“ ||^ 

and the constant C depends on known quantities only. 

Let us note that the solution of (7.1) exists according to Remark 2.1. 

The a priori estimate follows as in [6, 7] making use of (7.5) and the 
interpolation inequality in weighted Lebesgue spaces [27]. 
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